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THE INTERTWINER SPACES OF NON-EASY
GROUP-THEORETICAL QUANTUM GROUPS
LAURA MAAßEN
Abstract. In 2015, Raum andWeber gave a definition of group-theoretical quan-
tum groups, a class of compact matrix quantum groups with a certain presentation
as semi-direct product quantum groups, and studied the case of easy quantum
groups. In this article we determine the intertwiner spaces of non-easy group-
theoretical quantum groups. We generalise group-theoretical categories of parti-
tions and use a fiber functor to map partitions to linear maps which is slightly
different from the one for easy quantum groups. We show that this construction
provides the intertwiner spaces of group-theoretical quantum groups in general.
Introduction
In 1987, Woronowicz [Wo87] introduced compact matrix quantum groups gener-
alising the theory of compact Lie groups G ⊆ Cn×n to a non-commutative setting.
Examples are provided by the quantum analogues S+n and O
+
n of the symmetric
group Sn ⊆ Cn×n and the orthogonal group On ⊆ Cn×n defined by Wang in 1995 and
1998 [Wa95, Wa98]. A compact matrix quantum group consists of a C*-algebra A
generated by the entries of a matrix u = (ui,j), called fundamental corepresentation,
and a *-homomorphism ∆ ∶ A → A ⊗ A, called comultiplication, and it satisfies
certain dualised group properties (see Def.4.1). By a Tannaka-Krein type result of
Woronowicz [Wo88], compact matrix quantum groups can be fully recovered from
their intertwiner spaces, and hence any tensor category with duals (see Def.3.3) gives
rise to a compact matrix quantum group.
Based on this, in 2009 Banica and Speicher [BS09] defined a class of compact ma-
trix quantum groups Sn ⊆ G ⊆ O+n, called orthogonal easy quantum groups, through
a combinatorial structure of their intertwiner spaces. Their construction works as
follows. They consider categories of partitions, which are sets of set partitions closed
under certain operations, and a fiber functor p ↦ T (n)p mapping partitions to linear
maps. The linear span of the image of a category of partitions under this func-
tor forms a tensor category with duals and hence gives rise to a compact matrix
quantum group.
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Related to the classification of all orthogonal easy quantum groups, in 2015 Raum
and Weber [RW15] introduced group-theoretical quantum groups as compact matrix
quantum groups whose squared entries of the fundamental corepresentation u2ij are
central projections. In other words, they consider G ⊆ H
[∞]
n ⊆H+n where C(H
[∞]
n ) =
C∗(Z∗n
2
)⋈C(Sn) and H+n is the free hyperoctahedral quantum group (see [BBC07]).
Raum and Weber showed that any group-theoretical quantum group is isomorphic to
a semi-direct product quantum group C∗(Z∗n
2
/N) ⋈C(Sn), where N ⊴ Z∗n2 is an Sn-
invariant normal subgroup of Z∗n
2
. Moreover, they showed that a group-theoretical
quantum group is easy if and only if N is strongly Sn-invariant and determined the
corresponding categories of partitions. Hence the structure of the intertwiner spaces
of group-theoretical easy quantum groups is known.
The aim of this article is to describe the intertwiner spaces of group-theoretical
quantum groups in general, in particular those of non-easy group-theoretical quan-
tum groups. For this purpose we define a generalisation of group-theoretical cat-
egories of partitions, called skew categories of partitions, which are still based on
set partitions but closed under slightly different operations than categories of parti-
tions. We define a fiber functor, denoted by p ↦ T̂ (n)p , to associate skew categories
of partitions to tensor categories with duals. This functor is different from p↦ T (n)p .
Then we can show that skew categories carry the “group-theoretical” structure we
are looking for and can be characterised via their corresponding tensor categories.
Theorem 1 (Theorem 2.2, Theorem 3.5). Let R ⊆ P be closed under rotation. Then
the following are equivalent:
(1) R is a skew category of partitions.
(2) F∞(R) ∶= S∞({aind(p) ∣ k ∈ N0, p ∈ R(k,0)}) ⊴ Z∗∞2 is an (S∞-invariant)
normal subgroup of Z∗∞
2
. Here aind(p) ∈ Z
∗∞
2
= ⟨a1, a2, . . .⟩ is obtained by
labelling the blocks of p with the letters a1, a2 . . . in ascending order.
(3) span{T̂
(n)
p ∣ p ∈R(k, l)}, k, l ∈ N0 is a tensor category with duals for all n ∈ N.
Applying the previous results and using the semi-direct product structure of
group-theoretical quantum groups, allows us to prove that skew categories are the
right analogues of categories of partitions for group-theoretical quantum groups.
Theorem 2 (Theorem 4.18). Let Sn ⊆ G ⊆ O+n be a compact matrix quantum group
in its maximal version. Then G is group-theoretical if and only if there exists a
skew category of partitions R such that HomG(k, l) = span{T̂
(n)
p ∣ p ∈R(k, l)} for all
k, l ∈ N0. In this case, we have C(G) ≅ C∗(Z∗n2 /Fn(R)) ⋈ C(Sn) and R = ⟨ker(i) ∣
ai1 ⋅ . . . ⋅ aik ∈ Fn(R)⟩skew with Fn(R) = F∞(R) ∩Z
∗n
2
.
On the other hand, any S∞-invariant subgroup N ⊴ Z∗∞2 gives rise to a series Gn
of group-theoretical quantum groups with C(Gn) = C∗(Z∗n2 /(N ∩ Z
∗n
2
)) ⋈ C(Sn) .
Hence, all compact matrix quantum groups Sn ⊆ G ⊆ H
[∞]
n ⊆ H+n (not necessarily
easy quantum groups) are classified. Thus part of the open problem to classify all
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compact matrix quantum groups Sn ⊆ G ⊆ H+n , stated for example by Banica in
[Ba18], is solved.
In Section 1 we will recall some basic definitions for partitions and introduce skew
categories of partitions. Section 2 provides some technical background and the proof
of the first equivalence of Theorem 1. In Section 3 we introduce the functor p↦ T̂ (n)p
and prove the other part of Theorem 1. We start Section 4 by recalling some basic
definitions for compact matrix quantum groups and easy quantum groups and we
summarise the results of Raum and Weber. Then we can finally prove Theorem 2
and have a look at some corollaries. Section 5 provides an example of a non-easy
group-theoretical quantum group.
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1. Skew categories of partitions
We recall the definition of categories of partitions and we introduce the new
concept of skew categories of partitions.
1.1. Partitions and operations. At first we recall some basic definitions (see
[BS09, RW15]).
Definition 1.1. Let k, l ∈ N0. A partition p ∈ P (k, l) is a partition into disjoint,
non-empty subsets of the set {1, . . . , k,1′, . . . , l′}. These subsets are called the blocks
of p and we denote their number by bl(p). Moreover, we put P ∶= ⋃k,l∈N0 P (k, l) and
for a subset D ⊆ P and n ∈ N we define
Dn ∶= {p ∈D ∣ p has at most n blocks}.
We can picture every partition p ∈ P (k, l) as k upper and l lower points, where all
points in the same block of p are connected by a string.
1 2 k
● ● . . . ●
p
● ● . . . ●
1′ 2′ l′
As easy examples consider the following partitions:
∣ ∶= ∈ P (1,1), ⊔ ∶= ∈ P (0,2),
⊓
/−⊓ ∶= ∈ P (3,3).
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For easier calculation with partitions we will associate pairs of multi-indices to par-
titions.
Definition 1.2. [RW15, § 2.4.] Let k, l ∈ N0.
For all i = (i1, . . . , ik) ∈ Nk, j = (j1, . . . , jl) ∈ Nl we define ker(i, j) ∈ P (k, l) as the
partition obtained by the fibers of the map φ ∶ {1, . . . , k,1′ . . . , l′}→ N with φ(x) = ix
for all x ∈ k and φ(y′) = jy for all y ∈ l. For l = 0 and i ∈ Nk we denote ker(i) ∶=
ker(i,∅).
Vice versa for any partition p ∈ P (k, l) we define ind(p) ∶= (i(p), j(p)) ∈ Nk ×Nl as the
lexicographic minimal element in Nk+l with ker(ind(p)) = p.
For example we have ind(p) = ((1,1,2), (2,1,1)) ∈ N3×N3 and p = ker((3,3,7), (7,
3,3)) for p =
⊓
/−⊓ ∈ P (3,3).
Definition 1.3 (Symmetric group). Let n ∈ N. We view the symmetric group Sn as
the group {σ ∶ n → n ∣ σ bijective}. We define the symmetric group (on countably,
but infinitely many points) S∞ as
S∞ ∶= {σ ∶ N→ N ∣ σ bijective and ∣{n ∈ N ∣ σ(n) ≠ n}∣ <∞}.
Note that S∞ acts componentwise on the multi-indices Nk+l and we have p =
ker(i, j) if and only if (i, j) ∈ S∞(ind(p)).
Now, we recall the operations on partitions Banica and Speicher introduced to
construct easy quantum groups.
Definition 1.4 (Operations on partitions [BS09, Def.1.8.]). Let p ∈ P (k, l) and
q ∈ P (k′, l′).
● The involution p∗ ∈ P (l, k) is obtained by turning p upside-down.
● The tensor product p ⊗ q ∈ P (k + k′, l + l′) is the horizontal concatenation of the
partitions p and q.
● Let l = k′. Then we can consider the vertical concatenation of the partitions p
and q. We may obtain middle points which are neither connected to upper nor
to lower points. Connected components of such points are called loops and we
denote their number by l(q, p). The composition qp ∈ P (k, l′) of p and q is the
vertical concatenation, where we remove all loops.
● One basic rotation of p is obtained by turning the uttermost left leg of the upper
row and putting it in front of the first leg of the lower row or just in the lower
row if p has no lower points. Similarly, the other basic rotations are obtained by
rotating the uttermost left lower leg to the upper row, the uttermost right upper
leg to the lower row or the uttermost right lower leg to the upper row. Multiple
basic rotations of p are called rotations of p.
See [We17] for examples of these operations. To construct skew categories of
partitions we introduce the following slightly modified operations.
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Definition 1.5 (Modified operations). Let p ∈ P (k, l) and q ∈ P (k′, l′).
● For all (i, j) ∈ S∞(ind(p)) and (f,g) ∈ S∞(ind(q)) we define the connected tensor
product p⊗(if,jg) q ∶= ker(if, jg) ∈ P (k + k′, l + l′).
● Let l = k′. We call p and q compatible if j(p) ∈ S∞(i
(q)) where j(p) and i(q) are as
in Def. 1.2. If p and q are compatible we define the conditioned composition of p
and q as the usual composition qp ∈ P (k, l′).
● Let l = k′ and let p and q be compatible. For all (i, j) ∈ S∞(ind(p)) and (j,g) ∈
S∞(ind(q)) we define the connected conditioned composition q ⋅(i,j,g) p ∶= ker(i,g) ∈
P (k, l′).
Note that the connected tensor product p ⊗(if,jg) q is equal to the usual tensor
product p⊗q if the multi-indices (i, j) ∈ Nk+l and (f,g) ∈ Nk
′+l′ have pairwise different
entries. In general all connected tensor products can be obtained by taking the usual
tensor product and applying several joinings of one block of p with one block of q
where it is not allowed to connect different blocks of p or different blocks of q.
Consider the following example:
ker((1,1,2), (2,2)) ⊗(1,1,2,1,1),(2,2,1) ker((1,1), (1))
= ⊗(1,1,2,1,1),(2,2,1) = .
Thus the connected tensor product allows more operations then the usual ten-
sor product whereas the conditioned composition restricts the usual composition to
compatible partitions, i.e. to those partitions whose upper resp. lower row coincide
with respect to the block structure. In the following example the partitions p1 and
p2 are compatible but the partitions p1 and p3 are not compatible.
p1 =
p2 =
p1 =
p3 =
Moreover, note that the connected conditioned composition q ⋅(i,j,g)p is equal to the
conditioned composition qp if the entries of the multi-indices i ∈ Nk and g ∈ Nl
′
which
do not appear in j ∈ Nl are pairwise different. In general all connected conditioned
compositions can be obtained by taking the conditioned composition and applying
afterwards several joinings of one upper block with one lower block. Here it is not
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allowed to connect different upper blocks or different lower blocks. We will later see
that the connected conditioned composition can be obtained by several conditioned
compositions and connected tensor products.
1.2. (Skew) categories of partitions. Based on the operations in Def. 1.4 Ban-
ica and Speicher defined categories of partitions. Moreover, Raum and Weber
[RW15] defined group-theoretical categories of partitions which correspond to group-
theoretical easy quantum groups as we shall see later.
Definition 1.6 (Category of partitions [BS09, Def.6.3.]). A category of partitions
is a subset C ⊆ P containing the partitions ⊔ and ∣ which is closed under involution,
taking tensor products and composition. By ⟨E⟩ we denote the closure of E ∪ {⊓, ∣}
under involution, taking tensor products and composition for any set E ⊆ P .
A category of partitions is called group-theoretical if it contains the partition
⊓
/−⊓ .
Note that any category of partitions is closed under rotation as for example the
basic rotation from the left of the upper to the lower line can be obtained by taking
the tensor product with the identity partition ∣ and then compose with ⊓⊗∣⊗⋯⊗∣, see
[BS09]. Now, we consider the modified operations on partitions to give a definition
of a skew category of partitions.
Definition 1.7 (Skew category of partitions). A skew category of partitions is a
subset C ⊆ P containing the partitions ⊔ and ∣ which is closed under involution,
taking connected tensor products and conditioned composition. By ⟨E⟩skew we de-
note the closure of E∪{⊓, ∣} under involution, taking connected tensor products and
conditioned composition for any set E ⊆ P .
The following lemma shows that skew categories of partitions generalise group-
theoretical categories of partitions. Recall Definition 1.2.
Lemma 1.8. (i) Skew categories of partitions are closed under rotation.
(ii) Skew categories of partitions are closed under connected conditioned composi-
tion.
(iii) Any skew category of partition contains the partition
⊓
/−⊓ .
(iv) Any group-theoretical category of partitions is a skew category of partitions.
Proof. (i) We mimic the proof of [TW18, Lemma 1.1]. However, we need to
take the special conditions of the conditioned composition into account. Let
R be a skew category of partitions and p ∈ R(k, l). We define (f,g) ∶=
((1, i
(p)
1
, . . . , i
(p)
k ), (1, j
(p)
1
, . . . , j
(p)
l )). Then q ∶= ∣ ⊗(f,g) p ∈ R(k + 1, l + 1) is
the connected tensor product connecting the partition ∣ to the uttermost left
upper point of p as i
(p)
1
= 1 by Def. 1.2. We consider also the partition
s ∶= ker((i
(p)
2
, . . . , i
(p)
k ), (1,1, i
(p)
2
, . . . , i
(p)
k )) ∈ R(k − 1, k + 1) which can be ob-
tained by several connected tensor products of ⊓ and ∣. By construction, s
and q are compatible and qs ∈ R(k − 1, l + 1) is the basic rotation of p where
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we rotate the uttermost left upper point to the lower row. The other basic
rotations can be constructed analogously.
(ii) Let R be a skew category of partitions and let p ∈ R(k, l) and q ∈ R(l, l′) be
compatible partitions. Moreover, let (i, j) ∈ S∞(ind(p)) and (j,g) ∈ S∞(ind(q)).
We put j′ ∶= (jl, . . . , j1) ∈ Nl and g′ ∶= (gl′ , . . . , g1) ∈ Nl
′
. We consider the
rotation p′ ∶= ker(ij′) ∈ R(k + l,0) of p to the upper line and the rotation
q′ ∶= ker(jg′) ∈ R(l + l′,0) of q to the upper line and put r ∶= p′ ⊗(ij′jg′,∅) q =
ker(ij′jg′) ∈ R(k + 2l + l′). By several conditioned compositions of connected
tensor products of ∣ and ⊓ with r we obtain ker(ig′) ∈ R(k + l′) and hence the
connected conditioned composition ker(i,g) ∈R(k, l′) lies in R.
(iii) We have
⊓
/−⊓ = (⊔ ⊗ ∣)⊗(1,1,2),(2,1,1) ⊓.
(iv) It is easy to see that group-theoretical categories of partitions are closed under
joining blocks and hence under taking connected tensor products.

2. The group-theoretical structure of skew categories of
partitions
In this section, we will analyse the “group-theoretical” structure of skew categories
of partitions. Following the idea of Raum and Weber, we associate words in the free
group product Z∗∞
2
to partitions.
Definition 2.1. [RW15, § 4.1.] Let Z∗∞
2
= ⟨ai ∣ i ∈ N⟩ be the infinite free product
of the cyclic group Z2. For any multi-index i = (i1, . . . , ik) ∈ Nk we denote by
ai ∶= ai1 ⋅ . . . ⋅ aik ∈ Z
∗∞
2
the corresponding word in Z∗∞
2
and we view any σ ∈ S∞ as an
endomorphism σ ∈ End(Z∗∞
2
) via σ(ai) = aσ(i).
For any subset D ⊆ P which is closed under rotation we define
F∞(D) ∶= S∞({aind(p) ∣ k ∈ N0, p ∈D(k,0)}) ⊆ Z
∗∞
2 .
Recall Definition 1.2 and note that
D = {p ∣ p is a rotation of ker(i) for some ai ∈ F∞(D)}
for any D ⊆ P which is closed under rotation.
Theorem 2.2. Let R ⊆ P be closed under rotation. Then R is a skew category of
partitions if and only if F∞(R) ⊴ Z∗∞2 is an (S∞-invariant) normal subgroup of Z
∗∞
2
.
In particular, for any S∞-invariant normal subgroup N ⊴ Z∗∞2 the set
{p ∣ p is a rotation of ker(i) for some ai ∈ N}
is a skew category of partitions.
Proof. (1) At first we assume that R is a skew category of partitions and show
that F∞(R) ⊴ Z∗∞2 is an S∞-invariant normal subgroup of Z
∗∞
2
. Recall that for any
partition p ∈ R(k,0) an element of S∞(ind(p)) is a labelling of p with a maximal
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amount of numbers such that the labelling is constant on blocks. Now, let p ∈
R(k,0), ai ∈ S∞(aind(p)) and q ∈R(k′,0), a′i ∈ S∞(aind(q)).
● F∞(R) is closed under inverting elements since
a−1i = (ai1 ⋅ . . . ⋅ aik)
−1 = aik ⋅ . . . ⋅ ai1 ∈ S∞(aind(r)) ∈ F∞(R)
where r ∈R is the rotation of p∗ to the upper line.
● F∞(R) is closed under multiplication since
aiaj ∈ S∞(aind(p⊗(ij,0)q)) ∈ F∞(R).
● Let j ∈ N and let r ∈R(k+2,0) be the partition obtained by rotating the uttermost
left point of ⊔ ⊗((j,j,i1,...,ik),0) p to the right. It follows that
ajaia
−1
j = ajaiaj ∈ S∞(aind(r)) ∈ F∞(R)
and hence F∞(R) is closed under conjugation.
● At last we show that F∞(R) is closed under reducing words by the relations
a2j = 1 for all j ∈ N. Let il = il+1 for some l < k. Then we can reduce ai by
ai = ai1 ⋅ . . . ⋅ail−1a
2
il
ail+2 ⋅ . . . ⋅aik = ai1 ⋅ . . . ⋅ail−1ail+2 ⋅ . . . ⋅aik . We consider the partition
q ∶= ker((i1, . . . , il−1, il+2, . . . , ik), (i1, . . . , ik)) ∈R which can be obtained by several
connected tensor products of ∣ and ⊓. By construction q and p are compatible and
thus we have
ai1 ⋅ . . . ⋅ ail−1ail+2 ⋅ . . . ⋅ aik ∈ S∞(aind(pq)) ∈ F∞(R).
(2) Now, let R ⊆ P just be a rotation invariant subset such that N ∶= F∞(R) ⊴ Z∗∞2
is an S∞-invariant normal subgroup of Z∗∞2 . We show that R is a skew category of
partitions. In the following we denote i−1 ∶= (ik, . . . , i1) for any i = (i1, . . . , ik) ∈ Nk.
● At first we show that R can be expressed as
R = {ker(i, j) ∣ aia−1j ∈ N}.
Let i ∈ Nk, j ∈ Nl. First, let p = ker(i, j) ∈ R(k, l). Then ker(ij−1,0) ∈ R(k + l,0) as
R is rotation invariant. Since N is normal we have R(k + l,0) = {ker(f) ∣ af ∈ N}
and hence aij−1 ∈ N . It follows that aia
−1
j
= aij−1 ∈ N . Conversely, let aia
−1
j
∈ N .
Then ker(i, j) ∈R(k, l) as it is a rotation of ker(ij−1,0) ∈ R(k + l,0).
● We have ⊔ = ker((1,1),0) ∈ R since a2
1
= 1 ∈ N and ∣ = ker((1), (1)) ∈ R as
a1a
−1
1
= 1 ∈ N .
● For all p = ker(i, j) ∈R we have
p∗ = ker(j, i) and aja
−1
i = (aia
−1
j )
−1 ∈ N
and hence R is closed under involution.
● Let p = ker(i, j) ∈ R and q = ker(f,g) ∈ R and we consider the connected tensor
product p⊗(if,jg) q = ker(if, jg). Since
aifa
−1
jg = aiafa
−1
g a
−1
j = aj((a
−1
j (aia
−1
j )aj)(afa
−1
g ))a
−1
j ∈ N
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R is closed under taking connected tensor products.
● Let p = ker(i, j) ∈ R and q = ker(f,g) ∈ R be compatible partitions. Then we can
assume that j = f and thus we have qp = ker(i,g). Since
aia
−1
g = aia
−1
j aja
−1
g ∈ N
R is closed under conditioned composition.
(3) At last, we consider an S∞-invariant normal subgroup N ⊴ Z∗∞2 and define
R ∶= {p ∣ p is a rotation of ker(i) for some ai ∈ N}.
Then we have N = F∞(R) and the claim follows by step (2). 
For all n ∈ N we can naturally embed the n-fold free product groups Z∗n
2
=
⟨a1, . . . , an⟩ ↪ ⟨a1, a2, . . .⟩ = Z∗∞2 . Theorem 2.2 implies directly that for any skew
category of partitions words in F∞(R)∩Z∗n2 correspond to partitions with n or less
blocks in Rn (recall Def. 1.1).
Corollary 2.3. Let R be a skew category of partitions and n ∈ N. Then Fn(R) ∶=
F∞(R) ∩Z∗n2 ⊴ Z
∗n
2
is an Sn-invariant normal subgroup of Z∗n2 and we have
Rn = {p ∣ p is a rotation of ker(i) for some ai ∈ Fn(R)}.
3. Tensor categories of linear maps
In the previous section we analysed the structure of skew categories of partition.
Our goal is to link skew categories of partitions to the intertwiner spaces of group-
theoretical quantum groups. For this purpose we associate linear maps to partitions
and show that the linear maps corresponding to a skew category of partitions form
a tensor category. In the following we denote n ∶= {1, . . . , n} for all n ∈ N.
Definition 3.1. Let n ∈ N. For all p ∈ P (k, l) we define a linear map T̂
(n)
p ∈
Hom((Cn)⊗k, (Cn)⊗l) via
T̂
(n)
p (ei1 ⊗⋯⊗ eik) = ∑
j∈nl
δ̂p(i, j) ej1 ⊗⋯⊗ ejl
with δ̂p ∶= 1S∞(ind(p))
for all i = (i1, . . . , ik) ∈ nk.
Note that we have T̂
(n)
p = 0 if p has more than n blocks since in this case δ̂p(i, j) = 0
for all (i, j) ∈ nk×nl. The maps T̂
(n)
p differ from the maps T
(n)
p introduced by Banica
and Speicher [BS09, Def. 1.6,1.7] (see also Def. 4.8) in the sense that δ̂p is defined
via S∞(ind(p)) and δp is defined via sS∞(ind(p)) with sS∞ ∶= {φ ∶ N → N ∣ ∣{n ∈ N ∣
σ(n) ≠ n}∣ <∞}.
The following lemma shows that the operations of a skew category of a partition
and p↦ T̂ (n)p behave nicely.
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Lemma 3.2. Let n ∈ N, p ∈ P (k, l) and q ∈ P (k′, l′).
(i) We have
(T̂
(n)
p )
∗ = T̂
(n)
p∗ .
(ii) We define L ∶= {p ⊗(if,jg) q ∣ (i, j) ∈ S∞(ind(p)), (f,g) ∈ S∞(ind(q))}. Then we
have
T̂
(n)
p ⊗ T̂
(n)
q =∑
r∈L
T̂
(n)
r .
(iii) Let k = l′ and define b ∶= bl(ker(0, j(p))) and a ∶= b − l(q, p) (recall Def. 1.1
and 1.4). If either p and q are not compatible or if b > n then T̂
(n)
q ○ T̂
(n)
p = 0.
Otherwise we define M ∶= {q ⋅(i,h,g) p ∣ (i,h) ∈ S∞(ind(p)), (h,g) ∈ S∞(ind(q))}.
Then we have
T̂
(n)
q ○ T̂
(n)
p = (
b−1
∏
c=a
n − c) ∑
r∈M
T̂
(n)
r
where we put ∏b−1c=a n − c = 1 if a = b.
Proof. An easy calculation of the coefficients of (T̂
(n)
p )∗, T̂
(n)
p ⊗ T̂
(n)
q and T̂
(n)
q ○ T̂
(n)
p
(see [BS09, Prop.1.9]) shows that it suffices to prove the following for all (i, j) ∈ Nk×Nl
and (f,g) ∈ Nk
′
×Nl
′
.
(i) We have δ̂p(i, j) = δ̂p∗(j, i).
(ii) We have δ̂p(i, j) ⋅ δ̂q(f,g) =∑r∈L δ̂r(if, jg).
(iii) Let l = k′. Then we have ∑h∈nl δ̂p(i,h)⋅δ̂q(h,g) = 0 if p and q are not compatible
or if b > n and ∑h∈nl δ̂p(i,h) ⋅ δ̂q(h,g) = (∏
b−1
c=a n − c)∑r∈M δ̂r(i,g) otherwise.
By definition δ̂p(i, j) = 1 if and only if (i, j) ∈ S∞(ind(p)). By the definition
of involution this is equivalent to (j, i) ∈ S∞(ind(p∗)) which holds if and only if
δ̂p∗(j, i) = 1. This proves (i).
As for (ii), we have δ̂p(i, j) ⋅ δ̂q(f,g) = 1 if and only if (i, j) ∈ S∞(ind(p)) and
(f,g) ∈ S∞(ind(q)). By the definition of the connected tensor product this is equiv-
alent to (if, jg) ∈ S∞(ind(p ⊗(if,jg) q)). This holds if and only if ∑r∈L δ̂r(if, jg) =
δ̂p⊗(if,jg)q(if, jg) = 1.
For proving (iii), let l = k′ and recall Definition 1.2. If n < b we have h ∉ S∞(j
(p))
and hence δ̂p(i,h) = 0 for all h ∈ nl. Thus it follows that ∑h∈nl δ̂p(i,h) ⋅ δ̂q(h,g) = 0
in this case.
So let n ≥ b. At first we consider the case that p and q are not compatible. Let
h ∈ nl and δp̂(i,h) = 1. This implies h ∈ S∞(j
(p)). By the definition of compatibility
we have S∞(j
(p)) ∩ S∞(i
(q)) = ∅ and hence h ∉ S∞(i
(q)). It follows that δq̂(h,g) =
0. Similarly, one can show that δq̂(h,g) = 1 implies δp̂(i,h) = 0. Thus we have
∑h∈nl δ̂p(i,h) ⋅ δ̂q(h,g) = 0.
So let p and q be compatible. By definition of M there exists a partition r ∈M with
δ̂r(i,g) = 1 if and only if the set {h ∈ nl ∣ (i,h) ∈ S∞(ind(p)), (h,g) ∈ S∞(ind(q))} =
{h ∈ nl ∣ δ̂p(i,h) = δ̂q(h,g) = 1} is not empty. So we assume that this set is not empty
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and determine its cardinality. We consider the connected conditioned composition
of p and q where we obtain r and a multi-index h ∈ nl with δ̂p(i,h) = δ̂q(h,g) = 1.
Then there are a middle blocks which are connected to upper or lower points and
hence the corresponding entries of h are determined by i and g. So there are n − a
numbers left to label the loops of the composition and hence we have (∏b−1c=a n − c)
different choices to do so. Thus the claim follows. 
Now, we can prove that p ↦ T̂ (n)p maps skew categories to tensor categories with
duals.
Definition 3.3 (Tensor category with duals [BS09, Def.1.2,3.5]). Let n ∈ N. We call
a collection of vector spaces H(k, l) ⊆ Hom((Cn)⊗k, (Cn)⊗l) for all k, l ∈ N0 a tensor
category with duals, if the following holds.
(i) H is closed under taking tensor products, i.e. T ∈H(k, l), T ′ ∈H(k′, l′) implies
T ⊗ T ′ ∈ H(k, l)⊗H(k′, l′) ≅ H(k + k′, l + l′).
(ii) H is closed under composition, i.e. T ∈ H(k, l) and T ′ ∈ H(k′, l′) implies
T ′T ∈H(k, l′).
(iii) H is closed under involution, i.e. T ∈ H(k, l) implies T ∗ ∈H(k, l)∗ ≅H(l, k).
(iv) The identity id∶ Cn → Cn, x↦ x is in H(1,1).
(v) Let e1, . . . , en be the standard basis of Cn. Then ζ ∶ C→ (Cn)⊗2, 1↦∑ni=1 ei⊗ei
is in H(0,2).
Recall, that for a subset D ⊆ P we denote the set of all partition in D with at
most n blocks by Dn (see Def. 1.1).
Lemma 3.4. For all k, l ∈ N0 the elements {T̂
(n)
p ∣ p ∈ Pn(k, l)} are linearly indepen-
dent.
Proof. Let m ∈ N, ax ∈ C and px ∈ Pn for all x ∈ m such that ∑
m
x=1 axT̂
(n)
px = 0. Then
we have
0 =
m
∑
x=1
axT̂
(n)
px (ei1 ⊗ . . .⊗ eik) =
m
∑
x=1
∑
j∈nl
axδ̂px(i, j) ej1 ⊗ . . .⊗ ejl for all i ∈ n
k
and hence
0 =
m
∑
x=1
axδ̂px(i, j) for all (i, j) ∈ n
k
× nl.
Let y ∈m and we apply ind(py) ∈ nk ×nl to this equation. Note that for all x ∈m we
have δ̂px(ind(py)) = 1 if and only if ind(py) ∈ S∞(ind(px)). As px has at most n blocks
for all x ∈m we can encode px uniquely by ind(px) and hence ind(py) ∈ S∞(ind(px))
if and only x = y. This implies
0 =
m
∑
x=1
axδ̂px(ind(py)) = ay
and it follows that the elements {T̂
(n)
p ∣ p ∈ Pn(k, l)} are linearly independent. 
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Theorem 3.5. Let R ⊆ P . Then R is a skew category of partitions if and only if
span{T̂
(n)
p ∣ p ∈R(k, l)}, k, l ∈ N0 is a tensor category with duals for all n ∈ N.
Proof. If R is a skew category of partitions, Lemma 3.2 and Lemma 1.8 imply that
span{T̂
(n)
p ∣ p ∈R(k, l)}, k, l ∈ N0 is a tensor category with duals for all n ∈ N.
To prove the converse note that span{T̂
(n)
p ∣ p ∈ R(k, l)} = span{T̂
(n)
p ∣ p ∈ Rn(k, l)}
for all k, l ∈ N0 and the elements {T̂
(n)
p ∣ p ∈ Rn(k, l)} are lineraly independent by
Lemma 3.4. Thus if span{T̂
(n)
p ∣ p ∈ R(k, l)} is a tensor category with duals for all
n ∈ N it follows from Lemma 3.2 that R is a skew category of partitions. 
4. Classification of group-theoretical quantum groups
In this section we will prove that the tensor categories with duals induced by skew
categories of partitions are exactly the intertwiner spaces of all group-theoretical
quantum groups. Therefore, we have to recall some basics on compact matrix quan-
tum groups, easy quantum groups and group-theoretical quantum groups.
4.1. Compact matrix quantum groups and easy quantum groups. For any
compact group G the function space C(G) is a commutative C*-algebra with a co-
multiplication which fulfils some dualised group properties. Woronowicz generalised
this concept in a non-commutative setting by defining compact quantum groups as
C*-algebras with comultiplication fulfilling the dualised group properties. In fact a
compact quantum group arises from a compact group if and only if its C*-algebra
is commutative. In 1987, Woronowicz defined compact matrix quantum groups, a
subclass of compact quantum groups, as follows.
Definition 4.1 (Compact matrix quantum group [Wo87]). A compact matrix quan-
tum group (CMQG) consists of a C*-algebra A, a matrix u = (uij) ∈ An×n, called
fundamental corepresentation, and a *-homomorphism ∆ ∶ A→ A⊗A, called comul-
tiplication, such that the following holds.
1.) The elements {uij ∣ 1 ≤ i, j ≤ n} generate A in the sense that the generated
*-algebra is dense in A.
2.) The matrix u = (uij) is unitary and its transpose ut = (uji) is invertible.
3.) We have ∆(uij) =∑nk=1 uik ⊗ ukj for all i, j ∈ n.
We write (A,u,n) for a compact matrix quantum group A with fundamental corep-
resentation u = (uij) ∈ An×n. (The common notation is (A,u) as the size n is usually
implicit but this is not always the case in this article.)
In the following we will only consider CMQGs with orthogonal fundamental rep-
resentation in their maximal versions (see [RW15, § 2.2] for more details).
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Example 4.2. Let n ∈ N. Wang defined the free symmetric quantum group S+n (cf.
[Wa98]) and the free orthogonal quantum group O+n (cf. [Wa95]) via
C(S+n) ∶= C
∗(uij ,1 ≤ i, j ≤ n ∣u
∗
ij = uij = u
2
ij,
n
∑
k=1
uik =
n
∑
k=1
ukj = 1,
uijuik = ujiuki = 0 for j ≠ k),
C(O+n) ∶= C
∗(uij ,1 ≤ i, j ≤ n ∣u
∗
ij = uij, u
tu = uut = 1).
We have C(Sn) ≅ C(S+n)/{uijukl = ukluij} and C(On) ≅ C(O
+
n)/{uijukl = ukluij}
We refer for instance to [RW15] for the next two definitions.
Definition 4.3 (Compact matrix quantum subgroup). Let (A,u,n) and (B,v,m)
be CMQGs. Then (A,u,n) is called a compact matrix quantum subgroup of (B,v,m)
if n =m and if there exists a surjective *-homomorphism preserving the fundamental
corepresentation A
∼
↠ B.
We call (A,u,n) orthogonal if it is a compact matrix quantum subgroup of the free
orthogonal quantum group O+n, i.e. C(O
+
n)
∼
↠ A, and it is called homogeneous if it
has the symmetric group Sn as compact matrix quantum subgroup, i.e. A
∼
↠ C(Sn).
In 1988, Woronowicz proved a Tannaka-Krein type result for CMQGs showing
that any CMQG can be fully recovered from its intertwiner spaces.
Definition 4.4 (Intertwiner spaces). Let (A,u,n) be a CMQG. Then the inter-
twiner spaces of A for k, l ∈ N0 are defined as
HomA(k, l) ∶= {T ∶ (C
n)⊗k → (Cn)⊗l linear ∣ Tu⊗k = u⊗lT},
where we think of u⊗k and u⊗l as endomorphism of (Cn)⊗k ⊗ A and (Cn)⊗l ⊗ A,
respectively, and where we view T as a morphism from (Cn)⊗k ⊗ A to (Cn)⊗l ⊗ A
with T (ei1 ⊗⋯⊗ eik ⊗ uˆ) = T (ei1 ⊗⋯⊗ eik)⊗ uˆ for all i1, . . . , ik ∈ n and uˆ ∈ A.
Theorem 4.5 (Tannaka-Krein [Wo88]). The following construction induces an
inclusion-inverting one-to-one correspondence between homogeneous orthogonal
CMQGs and tensor categories with duals:
(1) To a homogeneous orthogonal CMQG (A,u,n) we associate its intertwiner spaces
HomA(k, l), k, l ∈ N0 which from a tensor category with duals.
(2) To a tensor category with duals H(k, l) ⊆ Hom((Cn)⊗k, (Cn)⊗l), k, l ∈ N0 we as-
sociate the homogeneous orthogonal CMQG
C∗(uij ,1 ≤ i, j ≤ n ∣ u
∗
ij = uij, Tu
⊗k = u⊗lT for all k, l ∈ N0, T ∈H(k, l)).
Remark 4.6. By an easy calculation we see that
C∗(uij ,1 ≤ i, j ≤ n ∣ u
∗
ij = uij, Tu
⊗k = u⊗lT for all k, l ∈ N0, T ∈H(k, l))
= C∗(uij ,1 ≤ i, j ≤ n ∣ u
∗
ij = uij, Tu
⊗k = T for all k ∈ N0, T ∈ H(k,0))
for any tensor category with duals H(k, l) ⊆ Hom((Cn)⊗k, (Cn)⊗l), k, l ∈ N0.
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Based on this result, Banica and Speicher defined (orthogonal) easy quantum
groups in 2009 as follows.
Definition 4.7 (Strongly symmetric semigroup). The strongly symmetric semigroup
sSn is the semigroup of all maps {φ ∶ n → n} and we define the strongly symmetric
semigroup (on countably, but infinitely many points) sS∞ as
sS∞ ∶= {φ ∶ N→ N ∣ ∣{n ∈ N ∣ σ(n) ≠ n}∣ <∞}.
Note that similarly to the symmetric group the strongly symmetric semigroup
sS∞, respectively sSn, acts componentwise on multi-indices in Nk ×Nl, respectively
nk × nl, for all k, l ∈ N0.
Definition 4.8. [BS09, Def. 1.6,1.7] For all n ∈ N and p ∈ P (k, l) we define a linear
map T
(n)
p ∈ Hom((Cn)⊗k, (Cn)⊗l) via
T
(n)
p (ei1 ⊗⋯⊗ eik) = ∑
j∈nl
δp(i, j) ej1 ⊗⋯⊗ ejl
with δp ∶= 1sSn(ind(p))
for all i = (i1, . . . , ik) ∈ nk.
Banica and Speicher showed that span{T
(n)
p ∣ p ∈ C(k, l)}, k, l ∈ N0 is a tensor
category with duals for all categories of partitions C which leads to the following
definition.
Definition 4.9 ((Orthogonal) easy quantum group [BS09, Def. 3.5]). A homoge-
neous orthogonal compact matrix quantum group (A,u,n) is called (orthogonal)
easy quantum group if there exists a category of partitions C ⊆ P such that for all
k, l ∈ N0
HomA(k, l) = span{T
(n)
p ∣ p ∈ C(k, l)} .
4.2. Group-theoretical quantum groups. In 2015, Raum and Weber introduced
group-theoretical quantum groups. We roughly summarise their results.
Definition 4.10 (Group-theoretical quantum group [RW15]). A compact matrix
quantum group (A,u,n) is called group-theoretical if u2ij are central projections in
A for all i, j ∈ n.
Remark 4.11. Let (A,u,n) be a compact matrix quantum group and p ∶=
⊓
/−⊓ .
Then (A,u,n) is group-theoretical if and only if T
(n)
p ∈ HomA(3,3). This holds if
and only if T̂
(n)
p ∈ HomA(3,3).
Proof. It is an easy calculation to show that (A,u,n) is group-theoretical if and
only if T
(n)
p ∈ HomA(3,3) (see [RW15, Prop.2.5]). Consider the partition e(3,3) =
ker((1,1,1), (1,1,1)). We have T
(n)
e(3,3) = id(Cn)⊗3 ∈ HomA(3,3). Moreover, it is easy
to check that T̂
(n)
p = T
(n)
p − T
(n)
e(3,3) (see also Lem. 4.17). Thus the claim follows. 
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Lemma 4.12. Let (A,u,n) be a group-theoretical quantum group. Then we have
u3ij = uij and uijuik = 0 = ujiuki for all i, j, k ∈ n with j ≠ k.
Hence for all multi-indices (i1, . . . , ik), (j1, . . . , jk) ∈ nk with ix = iy and jx ≠ jy for
some x, y ∈ k we have ui1j1 ⋅ . . . ⋅ uikjk = 0. In particular, if i ∈ ind(p) and j ∉ ind(p)
for some partition p ∈ P (k,0), then ui1j1 ⋅ . . . ⋅ uikjk = 0.
Proof. Since qij ∶= u2ij are projections with ∑
n
j=1 qij = 1 we have qijqik = 0 and qjiqki = 0
for j ≠ k. Hence for j ≠ k it follows that (uijuik)(uijuik)∗ = qijqik = 0. Thus
∥uijuik∥2 = 0 and we have uijuik = 0 for j ≠ k. Analogously, we obtain ujiuki = 0.
This implies
uij = uij
n
∑
k=1
u2ik = u
3
ij.
Using the results above the second claim is easy to check. 
Raum and Weber showed that group-theoretical quantum groups have a presen-
tation as a semi-direct product quantum group (for more details see [RW15, § 2.5]).
Theorem 4.13. [RW15, Thm. 3.1] Let n ∈ N and let N ⊴ Z∗n
2
be an Sn-invariant
normal subgroup. Then the semi-direct product quantum group given by C∗(Z∗n
2
/N)⋈
C(Sn) is a group-theoretical quantum group.
Vice versa, let (A,u,n) be a group-theoretical quantum group. Then there exists an
Sn-invariant normal subgroup N ⊴ Z∗n2 such that A ≅ C
∗(Z∗n
2
/N) ⋈C(Sn).
Remark 4.14. The proof of this theorem by Raum and Weber also shows the
following. Let n ∈ N and let N ⊴ Z∗n
2
be an Sn-invariant normal subgroup. We define
A ∶= C∗(Z∗n
2
/N) ⋈C(Sn). Then we have
A ≅ C∗(uij,1 ≤ i, j ≤ n ∣u
∗
ij = uij , u
2
ij central projections,
∑
f=(f1,...,fk)∈nk
uf1i1 ⋅ . . . ⋅ ufkik = 1 for all k ∈ N0, i ∈ n
k, ai ∈ N).
Raum and Weber also classified the easy case. Note that similarly to the symmet-
ric group the strongly symmetric semigroup sS∞, respectively sSn, acts on words in
Z∞
2
, receptively Zn
2
, via φ(ai) = aφ(i) (see Def. 2.1).
Theorem 4.15. [RW15, Thm. 4.4,4.5] Let (A,u,n) be a group-theoretical quantum
group with corresponding normal subgroup N . Then (A,u,n) is easy if and only if
N is sSn-invariant. In this case, the corresponding category of partitions is given by
C = ⟨ker(i) ∣ ai ∈ N⟩.
Remark 4.16. The statement of Theorem 4.4 in [RW15] is correct but the proof
contains a slight error. The category of partitions C they constructed is not closed
under taking tensor products. But this can be easily fixed (see the appendix of our
article) and the set they constructed was still a generating set for the category of
partitions we are looking for.
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4.3. The intertwiner spaces of group-theoretical quantum groups. We will
now determine the intertwiner spaces of group-theoretical quantum groups in gen-
eral. We begin with a lemma.
Lemma 4.17. Let (A,u,n) be a group-theoretical quantum group and p ∈ P (k,0).
Then T̂
(n)
p ∈ HomA(k,0) if and only if p has more than n blocks or
∑
f=(f1,...,fk)∈nk
uf1i1 ⋅ . . . ⋅ ufkik = 1 for all i = (i1, . . . , ik) ∈ Sn(ind(p)).
Proof. If p has more than n blocks it follows that T̂
(n)
p = 0 ∈ HomA(k,0). So assume
that p has n or less blocks. It is easy to check that T̂
(n)
p ∈ HomA(k,0) if and only if
∑
f=(f1,...,fk)∈nk
δ̂p(f,0)uf1i1 ⋅ . . . ⋅ ufkik = δ̂p(i,0) for all i = (i1, . . . , ik) ∈ n
k.
For i = (i1, . . . , ik) ∈ Sn(ind(p)) we have δ̂p(i,0) = 1 and
∑
f∈nk
δ̂p(f,0) uf1i1 ⋅ . . . ⋅ ufkik = ∑
f∈Sn(ind(p))
uf1i1 ⋅ . . . ⋅ ufkik
4.12
= ∑
f∈nk
uf1i1 ⋅ . . . ⋅ ufkik .
For i = (i1, . . . , ik) ∉ Sn(ind(p)) we have δ̂p(i,0) = 0 and
∑
f∈nk
δ̂p(f,0) uf1i1 ⋅ . . . ⋅ ufkik = ∑
f∈Sn(ind(p))
uf1i1 ⋅ . . . ⋅ ufkik
4.12
= 0.

Theorem 4.18. Let (A,u,n) be a compact matrix quantum group. Then (A,u,n)
is group-theoretical if and only if there exists a skew category of partitions R such
that HomA(k, l) = span{T̂
(n)
p ∣ p ∈ R(k, l)} for all k, l ∈ N0.
In this case, we have A ≅ C∗(Z∗n
2
/Fn(R)) ⋈ C(Sn) and R = ⟨ker(i) ∣ ai1 ⋅ . . . ⋅ aik ∈
Fn(R)⟩skew with Fn(R) = F∞(R) ∩Z∗n2 .
Proof. Let (A,u,n) be a group-theoretical quantum group. Then there exists an
Sn-invariant normal subgroup N ⊴ Z∗n2 with A ≅ C
∗(Z∗n
2
/N) ⋈ C(Sn) by Theorem
4.13 and we define R = ⟨ker(i) ∣ ai1 ⋅ . . . ⋅ aik ∈ N⟩skew. Then we have Fn(R) = N
by Definition 1.2 and 2.1. Moreover, span{T̂
(n)
p ∣ p ∈ R(k, l)} is a tensor category
with duals containing T̂
(n)
p for p =
⊓
/−⊓ by Theorem 3.5. Thus by the Tannaka-Krein
duality Theorem 4.5, there exists a group-theoretical quantum group (B,v,n) such
that HomB(k, l) = span{T̂
(n)
p ∣ p ∈ R(k, l)} for all k, l ∈ N0 and by Remark 4.6 we
have
B ≅ C∗(vij ,1 ≤ i, j ≤ n ∣ v
∗
ij = vij , T̂
(n)
p v
⊗k = T̂
(n)
p for all k ∈ N0, p ∈R(k,0)).
It follows from Lemma 4.17 that
B ≅ C∗(vij ,1 ≤ i, j ≤ n ∣v
∗
ij = vij, v
2
ij central projections, ∑
f=(f1,...,fk)∈nk
vf1i1 ⋅ . . . ⋅ vfkik = 1
for all k ∈ N0, p ∈Rn(k,0), i ∈ Sn(ind(p)))
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and by the definition of R we have
B ≅ C∗(vij ,1 ≤ i, j ≤ n ∣v
∗
ij = vij, v
2
ij central projections, ∑
f=(f1,...,fk)∈nk
vf1i1 ⋅ . . . ⋅ vfkik = 1
for all k ∈ N0, i ∈ n
k, ai ∈ N).
By Remark 4.14 we have A ≅ B.
Now, let (A,u,n) just be a compact matrix quantum group such that there exists
a skew category of partitions R with HomA(k, l) = span{T
(n)
p̂ ∣ p ∈ R(k, l)} for all
k, l ∈ N0. By Lemma 1.8 any skew category of partitions contains the partition
p =
⊓
/−⊓ and hence (A,u,n) is group-theoretical. 
From now on, let N ⊴ Z∗n
2
be an Sn-invariant normal subgroup, A ∶= C∗(Z∗n2 /N)⋈
C(Sn) and R = ⟨ker(i) ∣ ai1 ⋅ . . . ⋅ aik ∈ N⟩skew as in the previous theorem. The next
corollary describes the skew category R explicitly. For this purpose we have to lift
our normal subgroup N ⊴ Z∗n
2
to a normal subgroup in Z∞
2
.
Corollary 4.19. We define S∞(N) ∶= {σ(g) ∣ σ ∈ S∞, g ∈ N} and let N∞ ∶=
⟨⟨S∞(N)⟩⟩Z∗∞
2
be the closure as normal subgroup of S∞(N). Then we have F∞(R) =
N∞ and
R = {p ∣ p is a rotation of ker(i) for some ai ∈ N∞}.
Proof. Since N∞ is an S∞-invariant normal subgroup of Z∗∞2 the set
R′ = {p ∣ p is a rotation of ker(i) for some ai ∈ N∞}
is a skew category of partitions by Theorem 2.2 with F∞(R′) = N∞. Since {ker(i) ∣
ai ∈ N} ⊆R′ we have R ⊆R′.
By the definition of R we have N ⊆ F∞(R). Again by Theorem 2.2 F∞(R) is
an S∞-invariant normal subgroup of Z∗∞2 and thus N∞ ⊆ F∞(R). This implies
N∞ = F∞(R′) ⊆ F∞(R) and hence we have R′ ⊆R. 
Although we have to lift the normal subgroup N ⊴ Z∗n
2
to Z∞
2
to describe the whole
skew category of partitions R, the following corollary shows that N still suffices to
describe the whole intertwiner space.
Corollary 4.20. We have
HomA(k, l) = span{T̂
(n)
p ∣ p ∈Rn} and
Rn = {p ∣ p is a rotation of ker(i) for some ai ∈ N}.
In conclusion we have seen that group-theoretical quantum groups correspond to
Sn-invariant normal subgroups of Z∗n2 whose structure can be pictured in a skew
category of partitions. Raum and Weber showed that group-theoretical easy quan-
tum groups correspond to sSn-invariant normal subgroups of Z∗n2 whose structure
can be pictured in a group-theoretical category of partitions.
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4.4. Connections between easy and non-easy group-theoretical quantum
groups. Since all group-theoretical quantum groups are homogeneous by definition,
it follows from the Tannaka-Krein duality that HomA(k, l) ⊆ HomC(Sn) = span{T
(n)
p ∣
p ∈ P (k, l)} for all group-theoretical quantum groups (A,u,n). Thus for any par-
tition p ∈ P (k, l) we can write the linear map T̂
(n)
p as a sum of linear maps in
{T
(n)
q ∣ q ∈ P (k, l)}. In the following we describe this construction and show that
the coefficients of these sums can be computed recursively.
Definition 4.21. For all p ∈ P (k, l) we define
M≤p ∶= {ker(i, j) ∈ P (k, l) ∣ (i, j) ∈ sS∞(ind(p))}.
It is easy to see that the set M≤p consists of all partitions q ∈ P (k, l) which arise
from p by joining blocks.
Lemma 4.22. Let p ∈ P (k, l) and n ∈ N. Then we have
T̂
(n)
p = T
(n)
p − ∑
q∈M≤p/{p}
T̂
(n)
q .
In particular, T̂
(n)
p ∈ span{T
(n)
q ∣ q ∈M≤p} and T̂
(n)
p = T
(n)
p if p has just one block.
Proof. Let (i, j) ∈ Nk ×Nl. By the definition of M≤p we have (i, j) ∈ sS∞(ind(p)) if
and only if there exists a partition r ∈ M≤p with r = ker(i, j). By Def. 1.2 this is
equivalent to (i, j) ∈ S∞(r) for some r ∈M≤p and hence to ∑q∈M≤p 1S∞(ind(q))(i, j) = 1.
Hence it follows that
δ̂p(i, j) = 1S∞(ind(p))(i, j)
= 1sS∞(ind(p))(i, j) − ∑
q∈M≤p/{p}
1S∞(ind(q))(i, j)
= δp(i, j) − ∑
q∈M≤p/{p}
δ̂q(i, j)
for all (i, j) ∈ Nk ×Nl. Thus we have
T̂
(n)
p (ei1 ⊗⋯⊗ eik) = ∑
j∈nl
δ̂p(i, j) ej1 ⊗⋯⊗ ejl
= ∑
j∈nl
(δp(i, j) − ∑
q∈M≤p/{p}
δ̂q(i, j)) ej1 ⊗⋯⊗ ejl
= T
(n)
p (ei1 ⊗⋯⊗ eik) − ∑
q∈M≤p/{p}
T̂
(n)
q (ei1 ⊗⋯⊗ eik)
for all i = (i1, . . . , ik) ∈ nk. 
Now, we can show that our definitions and results are compatible with the defi-
nitions and results in the case of group-theoretical easy quantum groups by Raum
and Weber.
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Lemma 4.23. Let the group-theoretical CMQG induced by A be easy. Then R is a
category of partitions and we have
HomA(k, l) = span{T
(n)
p ∣ p ∈ R(k, l)}.
Proof. By Corollary 4.19 and the proof of Theorem 2.2 we have R = {ker(i, j) ∣
aia
−1
j
∈ N∞}. To show that R is a category of partitions we have to show that it is
closed under composition. Let p = ker(i, j) ∈R(k, l) and q = ker(f,g) ∈R(k′, l′). For
the composition of p and q we connect the lower points of p with the upper points
of q. We consider the partition r ∈ P (l,0) consisting of those l middle points in qp
and their strings we obtain by connecting p and q. Then there exists a multi-index
x ∈ Nl and maps φ1, φ2 ∶ N → N such that r = ker(x) and x = (φ1(j1), . . . , φ(jl)) =
(φ2(f1), . . . , φ2(fl)). By Theorem 4.15 N is sSn-invariant and thus N∞ is sS∞-
invariant. It follows that aφ1(i)a
−1
x = σφ1(aia
−1
j ) ∈ N∞ and axa
−1
φ2(g)
= σφ2(afa
−1
g ) ∈ N∞.
This implies s ∶= ker(φ1(i),x) ∈R and t ∶= ker(x, φ2(g)) ∈R. By construction s and
t are compatible and we have qp = ts ∈R.
Again let p ∈ R(k, l). It is easy to see that R is closed under joining blocks as
group-theoretical category of partitions and hence we have q ∈ R for all q ∈ M≤p.
Thus T̂
(n)
p ∈ span{T
(n)
q ∣ q ∈ M≤p} ⊆ span{T
(n)
r ∣ r ∈ R(k, l)} and T
(n)
p ∈ span{T̂
(n)
q ∣
q ∈ M≤p} ⊆ span{T̂
(n)
r ∣ r ∈ R(k, l)}. It follows that HomA(k, l) = span{T
(n)
p ∣ p ∈
R(k, l)}. 
Finally, we show that we can embed any non-easy group-theoretical quantum
group in two group-theoretical easy quantum groups.
Lemma 4.24. We define
N1 ∶= {x ∈ N ∣ sSn({x}) ⊆ N} and N2 ∶= ⟨⟨sSn(N)⟩⟩ ⊴ Z
∗n
2 .
Then N1 and N2 are sSn-invariant normal subgroups with N1 ≤ N ≤ N2. Hence A1 ∶=
C∗(Z∗n
2
/N1)⋈C(Sn) and A2 ∶= C∗(Z∗n2 /N2)⋈C(Sn) give rise to group-theoretical easy
quantum groups with A2
∼
↠ A
∼
↠ A1.
Proof. Obviously, N2 is a sSn-invariant normal subgroup with N ≤ N2. It is also easy
to check that N1 ⊴ Z∗n2 is a normal subgroup with N1 ≤ N . Hence we have to show
that N1 is sSn-invariant. Let x ∈ N1. Then we have sSn(sSn({x})) = sSn({x}) ⊆ N
and hence sSn({x}) ⊆ N1. 
5. A concrete example of a non-easy group-theoretical quantum
group
We consider the group presented by
S ∶= ⟨s1, . . . , sn ∣s
2
i = 1, (sisj)
3 = 1, (sbscsbsd)
2 = 1
for all i, j, k, b, c, d ∈ n with ∣{b, c, d}∣ = 3⟩,
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which is isomorphic to Sn+1 via ϕ ∶ S → Sn+1, si ↦ (i n + 1) (see [So94]). Obviously
NS ∶= ⟨⟨(aiaj)
3, (abacabad)
2 ∣ i, j, k, b, c, d ∈ n with ∣{b, c, d}∣ = 3⟩⟩ ⊴ Z∗n2
is an Sn-invariant normal subgroup. Since φ((a1a2a1a3)2) = (a1a2)4 ∉ NS for φ ∶
n → n with φ({2,3}) = {2} and φ(x) = x for all x ∈ n/{2,3} it follows that NS is
not sSn-invariant. Thus AS ∶= C∗(Z∗n2 /NS) ⋈C(Sn) is a non-easy group-theoretical
quantum group.
By Remark 4.14 we have
AS ≅ C
∗(uij,1 ≤ i, j ≤ n ∣ u
∗
ij = uij, ∑
f=(f1,...,fk)∈nk
uf1i1 ⋅ . . . ⋅ ufkik = 1
for all k ∈ N0, i ∈ n
k, ai ∈ NS).
By Lemma 4.17 a relation ∑f=(f1,...,fk)∈nk uf1i1 ⋅ . . . ⋅ufkik = 1 for some k ∈ N0, i ∈ n
k, ai ∈
NS is equivalent to T̂
(n)
ker(i)
∈ HomA(k,0) and by the proof of Theorem 4.18 it is
equivalent to ker(i) ∈R for the corresponding skew category of partitions R. Hence
by the proof of Theorem 2.2 we see that it suffices to take the generating relations
Ngen = {a2i , (aia
2
j)
2, (aiaj)3, (abacabad)2 ∣ i, j, k, b, c, d ∈ n with ∣{b, c, d}∣ = 3} for the
presentation of AS
AS ≅ C
∗(uij,1 ≤ i, j ≤ n ∣ u
∗
ij = uij, ∑
f=(f1,...,fk)∈nk
uf1i1 ⋅ . . . ⋅ ufkik = 1
for all k ∈ N0, i ∈ n
k, ai ∈ Ngen).
By some easy calculations and Lemma 4.12 we obtain
AS ≅ C
∗(uij,1 ≤ i, j ≤ n ∣u
∗
ij = uij, u orthogonal, u
2
ij central projections,
uijukluij = ukluijukl, ∑
e,f,h
(ubeucfubeudh)
2 = 1 for ∣{b, c, d}∣ = 3).
We define the partitions
e3,3 ∶= ker((1,1,1), (1,1,1)) ∈ P (3,3),
e6,0 ∶= ker((1,1,1,1,1,1)) ∈ P (6,0),
e8,0 ∶= ker((1,1,1,1,1,1,1,1)) ∈ P (8,0),
h3 ∶= ker((1,2,1,2,1,2)) ∈ P (6,0),
r ∶= ker((1,2,1,3,1,2,1,3)) ∈ P (8,0),
r1 ∶= ker((1,2,1,2,1,2,1,2)) ∈ P (8,0),
r2 ∶= ker((1,1,1,3,1,1,1,3)) ∈ P (8,0),
r3 ∶= ker((1,2,1,1,1,2,1,1)) ∈ P (8,0),
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By Theorem 4.18 and Corollary 4.19 we have HomA(k, l) = span{T̂
(n)
p ∣ p ∈ R} with
R = ⟨ker(i) ∣ ai1 ⋅ . . . ⋅ aik ∈ N⟩skew = ⟨
⊓
/−⊓ , h3, r⟩skew.
Moreover, by Lemma 4.22 we have we have
T
(n)
p̂ = T
(n)
p − T
(n)
e3,3 for p =
⊓
/−⊓ ,
T
(n)
ĥ3
= T
(n)
h3
− T
(n)
e6,0 and
T
(n)
r̂ = T
(n)
r − T
(n)
r1 − T
(n)
r2 − T
(n)
r3 + 2T
(n)
e8,0 .
The sSn-invariant normal subgroups of Theorem 4.24 are given by
N1 = ⟨⟨a
2
i , (aiaj)
3, (aiajaiak)
6 ∣ i, j, k ∈ n⟩⟩ ⊴ Z∗nn ,
N2 = ⟨⟨a
2
i , aiaj ∣ i, j, ∈ n⟩⟩ ⊴ Z
∗n
n .
Thus we obtain C(Z2 ⋊ Sn) ≅ C∗(Z∗n2 /N2) ⋈ C(Sn)
∼
↠ AS
∼
↠ C∗(Z∗n
2
/N1) ⋈ C(Sn),
where
∼
↠ should be understood as a surjective *-homomorphism preserving the fun-
damental corepresentation as in Definition 4.3.
6. Appendix
We correct the error in Theorem 4.4 of [RW15]. Note that for any n ∈ N ∪ {∞}
and category of partitions C the definition of Raum and Weber of
F∞(C) ∶= {ai ∣ k ∈ N0, p ∈ C(k,0), δp(i,0)} = sSn({aind(p) ∣ k ∈ N0, p ∈ C(k,0)})
slightly differs from our definition
F∞(C) = Sn({aind(p) ∣ k ∈ N0, p ∈ C(k,0)}).
But in the following we will consider group-theoretical categories of partitions for
which these definitions coincides as group-theoretical categories of partitions are
closed under connecting blocks.
Theorem 6.1. [RW15, Thm. 4.4] For all group-theoretical categories of partitions C
and all n ∈ N∪{∞}, the subgroup Fn(C) ⊴ Z∗n2 is an sSn-invariant, normal subgroup.
Vice versa, for every n ∈ N∪{∞} and every sSn-invariant, normal subgroup N ⊴ Z∗n2
there is a group-theoretical category of partitions C such that Fn(C) = N .
Proof. The proof of the first statement is correct in [RW15] so we have to show that
all sSn-invariant, normal subgroups N ⊴ Z∗n2 arise as N = Fn(C) for some group-
theoretical category of partitions C.
Raum and Weber put
C ∶= {p ∈ P ∣ p is a rotation of ker(i) for some k ∈ N, ai ∈ N}
which is not a category of partitions as it is not closed under taking tensor products.
Consider ker(i),ker(i’) ∈ C(k,0). Raum and Weber assumed that {i1, . . . , ik} ∩
{i′
1
, . . . , i′k′} = ∅ to conclude ker(i) ⊗ ker(i’) = ker(ii’) which is not always possible
as n ∈ N ∪ {∞} is fixed. Thus the partition ker(i)⊗ ker(i’) could have more than n
blocks and hence it would not be in C.
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We can fix the proof as follows. Consider N as a subgroup of Z∗∞
2
and define the
set
sS∞(N) ∶= {σ(x) ∣ x ∈ N,σ ∈ sS∞}.
We denote the closure as normal subgroup in Z∗∞
2
of this set by
N∞ ∶= ⟨⟨sS∞(N)⟩⟩ = {
s
∏
r=1
zrσr(nr)z
−1
r ∣ s ∈ N, σr ∈ sS∞, zr ∈ Z
∗∞
2 , nr ∈ N} ⊴ Z
∗∞
2 .
Then the category of partitions we are looking for is
C = {p ∈ P ∣ p is a rotation of ker(i) for some k ∈ N, ai ∈ N∞}.
The proof that C is a group-theoretical category of partitions works exactly as in
the proof of Theorem 4.4. in [RW15]. Moreover, the proof of Raum and Weber also
shows that F∞(C) = N∞ and hence we have Fn(C) = F∞(C)∩Z∗n2 = N∞∩Z
∗n
2
= N . 
Remark 6.2. The set Raum and Weber used was still a generating set for the
category of partitions we are looking for. Let n ∈ N ∪ {∞} and let N ⊴ Z∗n
2
be an
sSn-invariant, normal subgroup. We put
C ∶= {p ∈ P ∣ p is a rotation of ker(i) for some k ∈ N, ai ∈ N∞} and
C′ ∶= ⟨ker(i) ∣ ai ∈ N⟩.
Then we have C = C′.
Proof. By the previous theorem C is a category of partitions with {ker(i) ∣ ai ∈ N} ⊆ C
and thus we have C′ ⊆ C. By definition of C′ we have N ⊆ Fn(C′) ⊆ F∞(C′). It
also follows from the previous theorem that F∞(C′) is an sS∞-invariant, normal
subgroup and hence we have N∞ ⊆ F∞(C′) by the definition of N∞. It follows that
F∞(C) = N∞ ⊆ F∞(C′) and hence C ⊆ C′. 
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